DISPERSION FOR 1-D SCHRODINGER AND WAVE EQUATIONS 

WITH BV COEFFICIENTS 

NICU BELI, LIVIU I. IGNAT AND ENRIQUE ZUAZUA 

Abstract. In this paper we analyze the dispersion for one dimensional wave and Schrodinger 
equations with BV coefhcients. In the case of the wave equation we give a complete an- 
swer in terms of the variation of the logarithm of the coefficient showing that dispersion 
occurs if this variation is small enough but it may fail when the variation goes beyond a 
sharp threshold. For the Schrodigncr equation we prove that the dispersion holds under 
the same smallncss assumption on the variation of the coefficient. But. whether dispersion 
may fail for larger coefficients is unknown for the Schrodinger equation. 



1. Introduction 

In this paper we consider the following two equations with variable coefficients: The 
one-dimensional wave equation 



vtt{t,x) - d^{a{x)d^v^){t,x) = 0, {t,x) e 

f (0,x) = Vo{x), Vt{0,x) = 0, X G M, 
and the Schrodinger equation 

iut{t,x) + dx{a{x)dxu){t,x) = 0, (t,x) G . 

u{0,x) = uo{x), X G M. 



:i.2) 



t>2 



Along the paper we will consider nonnegative functions a with bounded variation and 
satisfying the following lower and upper bounds 

(1.3) < m < a(x) < M, x G M. 

The main positive results of this paper are as follows. 

Theorem 1.1. For any a G i?V"(]R) satisfying (\1.3\\ and Var(log(a)) < 27r there exists a 
positive constant CCVai (a), m, M) such that 

(1.4) sup / \v{t,x)\dt < C{VaT{a),m,M)\\vo\\Li(^^y 



Key words and phrases. Schrodinger equation, wave equation, one space dimension, BV coefficients, 
dispersion and Strichartz estimates, almost periodic functions. 

1 



2 



N. BELI, L. I. IGNAT AND E. ZUAZUA 



Theorem 1.2. For any a G BV{E.) satisfying fll.Sp and Var(log(a)) < 27r there exists a 
positive constant C{Var {a), m, M) such that 



In the case of the wave equation a counterexample can also be established when the 
total variation of the logarithm of the coefficient is large, showing that our dispersion 
result above is sharp. 

Theorem 1.3. Let be < m < M and a>2Tx. For any positive number N large enough 
there exists a piecewise constant function, m < a < M, with Var(log(a)) = a such that for 
some vq G L^(]R) the solution v of problem fll.ip satisfies 



Such a counterexample is not available for the Schrodingier equation. Thus, whether 
the above dispersion result is sharp for this model is an open problem. 

Our results are given in terms of the total variation of function log(a). However under 
the boundedness assumption above (11. 3p . Var(a) and Var(loga) are comparable. 

The main ideas of the proofs of the above results come from the analysis of wave prop- 
agation in multi-layer structures [5l Ch. 3] and [1]. The proof follows mainly the ideas in 
[1] but with finer resolvent estimates. 

We recall that, once the dispersion is established for the solutions of the linear Schrodinger 
equation, more general space-time estimates can be obtained, namely, the so-called Strichartz 
estimates 



for some admissible pairs {q,r). Strichartz estimates for BV coefficients in 1-d without 
smallness conditions have been established in [2] without making use of the dispersion 
property. This paper is devoted to investigate under which assumptions the dispersion 
property still holds. 

Estimates similar to these in Theorem II. ll but integrating on the space variable x instead 
of time, have been obtained in |3] under a smallness assumption on the BV-norm of log(a). 
The methods developed in this paper could very likely be useful to further analyze the 
problems addressed in But this is still to be done. 

The paper is organized as follows. In section [2] we present some preliminary results from 
[T] and state two technical lemmas that allow us to improve the results in [T]. In section 
|3] we prove the main results stated in the introduction. We point out that the proof of 
Theorem 11.21 uses previous results from the proof of Theorem 11.11 Section |4] contains the 
proofs of the two technical lemmas. We will obtain estimates on some almost periodic 
functions by using some tools from analytical number theory. 



(1.5) 



u{t)\\L^(^M.) < 



C(Var(a),m,M) 



^oIIli(k)- 



(1.6) 




u\\Li{R,L-iR)) < C'(?,^)|bl|L2(R), 
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2. Resolvent estimates on a laminar media 

In this section we consider a laminar media and collect some previous results from [1], 
keeping the same notations. 

Let us consider a partition of the real axis 

(2.7) — oo = Xo < a;i < X2 < ■ ■ ■ < Xn-i < x„ = oo 
and a step function 

(2.8) a{x) = b^^, X e Ik = {xk-i,Xk), k = 1, . . . ,n, 

where l/M^ < bk < l/rn?. 

Let us now consider the self-adjoint operator —dxa{x)dx defined from {h G if^(]R), adxh G 
L^(M)} to L^(]R). For > let us consider i?^ its resolvent: 

Ruj9 = {-dxa{x)dx + uj'^iy^g. 
It follows that for x E Ik = {xk-i,Xk), k = 1, . . . ,n, we have 



(2.9) 



Rojg{x) 



C2fc-i(w)e"'"=" + C2fc(a;)e 



9{y) 



-ujbk\x-y\ 



where C2 = C2n-i = and the other coefficients are determined by solving the system 
obtained from the continuity of R^og and a{x)dxRujg at the points Xk, k = 1, . . . ,n — 1. It 
follows that 

D4u)C = T 

where C = [Ci, C3, C4, . . . , C2n-3, C2n-2, C2nV, T = (ti, . . . , tn-l)^, 4 = (tfcl, ^2)'^, 



tk 



and 



v 



-bk 

bkbk+i 



with 



Ak 



9{y) 
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2uj 



2uj 



/ ai 5i 

As ^2 
A3 ^3 















/ 

\ 







A„„3 

A„_2 5„_2 
\ An-1 b„_i / 



ai = 



ai^b-ix-i 



-UjhnXn^l 
-UjbnXn-l 



-LobkXk 



uib^Xk 



-uib^Xk j ' 



^ujbk+iXk 



fee 



n — 1, 
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For technical reasons we introduce the matrix Dn which has the same structure as Dn but 
replacing vector b„_i with 



We point out that the vectors b„_i appearing in and Dn are given by the second and 
respectively first column of -Bn-i- 

Let us introduce now the reflection coefficients 

(2.10) 4-1 = ^^^^^^, A; = 2,..., n 

Ofc-l + Ok 

and the functions Qk, k = 1, . . . ,n, defined as follows: Qi{u}) = and 

(2.11) Qk{co) = 



1 - dk-iQk-i{uJ) 

1 - 4-i<5fc-i(w) ' 



det Dk ( UJ 



d 

det Dk {oo 
det DJuj 



k = n. 



It follows that ioT 2 < k < n 
and for any 2 < k < n 

k-l 

(2.12) detDkioj) = l[{bj + bj+,)e'^^'^-'^+'>^{l - d,Qj{uj)). 

i=i 

It has been proved in [T] that there exists a 5 > such that for any u; G C with 3fJ(a;) > —5 
we have |(5fc('^)| < 1, A; = 2, . . . , n. It implies that (det D„(aj))~^ is uniformly bounded in 
the same region of the complex plane and moreover uR^uq can be analytically continued. 
Thus the spectral calculus gives us the following representation of the solutions of equations 
f lTT]) and fO]) . 

Lemma 2.1. The solution of the wave equation f ll.ip verifies 

■ poo 



(2.13) ^;(t,x)l{t>o} = — / e''^uj{Ri^VQ){x)du. 



oo 



Lemma 2.2. The solution of the Schrddinger equation (11.21) verifies 
(2.14) u{t,x) = — e^'"^'u{Ri^uo){x)du. 

For completeness we prove these lemmas. 
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Proof of Lemma \2.1[ Set Vi(t) = v{t)l{t>o}- It follows that vi satisfies 

dttvi - dM^)dxVi) = dtSof. 

Since Vi{t) is supported on (0, oo) it follows that the Fourier transform in time variable of 
Vi is holomorphic in the domain {'^z < 0} and verifies the equation 

i-z' - dMx)d.)Mz, ■) = ^zf{■), Q{z) < 0. 

Taking z = u} — ie,u}EM., e>0 small enough we obtain that 

vi{uj - ie) = i{uj - ie)Ri(oj~ie)f- 

Using the inverse Fourier transform we get 



Jr 

Since uR^^ can be analytically continued on {3?z > —6} we obtain the desired result. 
A similar argument shows that 

t;(t)l{t<o} = --^ / e'^'^iiu + iO)R,i^+,s)fduj. 

The proof is now complete. □ 
Proof of Lemma \2.^ Using the identity 

h(\)=\im— I h{s)(- ^ ^ -^ds 

^2mL ^^'^ (a-(s-zO) " A-(s + zO)) 
classical spectral calculus gives us that 

u{t, x) = e-**^ = — f e~'*'' (iA-{s- iO)y^ - (A - (s + iO))~^]uods. 

Since ^{A) = (0, oo) we have that {A + z)~^ is analytic on C \ (— oo, 0) and that 
(A + (-r^ + tO))-' = /?,|,|+o, (A + (-r^ - ^0))-^ = i?_.|.|+o. 

Then 



— / e 



oo 



u{t, x) = / e-''' ({A - (s - iO))"^ -{A-{s + iO))-^)uods 

\{{A - (r^ - zO))"^ -{A- (r^ + zO))^^)norfr 
1 / \ 

— / e'^-'^'^^riRir+QUo- R-ir+oUo]dT 

m Jo \ / 



r>00 



— / e '^'^\Rir+oUodT. 



Til 
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Using now that cui?^ can be analytically continued on {^z > —6} we obtain the desired 
result. □ 

The proof of the main results of this paper requires the theory of almost periodic func- 
tions. A function / : M — C is said to be almost-periodic if it can be represented as 

n 

and the following norm satisfies 

II/IUp = ^ |c„| < oo. 

n 

It is easy to see that the space of almost periodic functions is an algebra. For more details 
on the properties of these functions we refer to [3] . 

As observed in pQ, the function det Dn{iu!) is an almost periodic function. The same 
property is satisfied by 1/ det Dn{iuj) even if this property is not trivial (see [1], section 
2.2). 

Here, in addition to the results in [T], we will compute exactly the coefficients in 
terms of vector T and sequence {Qk}k=i by solving the system Dn{uj)C = T (see Section 
[3] below). The argument in [T] only uses the fact that, since C is a solution of the above 
system, then its components are finite sums of the terms in the vector T. Also, instead 
of using the results in [H Section 2.2] we control in a finer way the sequence {Qk}k=i 
introduced in (12. lip and prove the following two key lemmas. 

Lemma 2.3. Let us consider two sequences of real numbers (c„,)„>i and {dn)n>i with 
\dn\ < d < 1 satisfying 

(2.15) 2]]arctanh(|d„|) < -. 

n>l 

We also consider the following sequence of functions Qi{iuj) = and 

(2.16) Qkitco) = ^^^^-±^^4^, c 6 M, > 2. 
For any n >2 the following holds 

(2.17) IIQnIUp < tan ^ ^ arctanh(|dfc|) j . 

k>l 

Lemma 2.4. Let a > n /2 and < d < 1. For any N > there exist a positive integer n 
and a sequence < dk < d, k = 1, . . . ,n — 1, with 



n-l 

arctanh((ifc) = a 

k=l 
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such that for any sequence {ck}^Zl of numbers linearly independent over the rationals and 
any choice of Ek G {=tl}; k = l,...,n — 1 the sequence {Qk}k=i defined in fl2.16p with 
{cfejfclj above and dk = £kdk, k = 1, . . . ,n — 1, satisfies 

(2.18) WQuWap > N. 

Remark 2.1. Let us remark that the reflection coefficients dk in fl2.10p can be rewritten 
as 

- log(fefc-l) - log(5fc) 

2 

log(6fc_i) - log(6fc) 



(2.19) dk = tanh 
Since \ tanh(x)| = tanh(|x|) we have 

\dk\ = tanh 

^45 a consequence: 

(2.20) ^arctanh|4| = ^ 

fc>l k>l 

Also, since a satisfies (11.31) we also have 

(2.21) ; ' < Var(loga) < ^ ^ 



2 

log(6fe_i) - log(6fc) Var(log(a)) 



M ~ ^ ' ~ m 

With these two lemmas we can prove Theorem 11.11 and Theorem 11.31 Theorem 11.21 will 
be a consequence of Theorem 11.11 

Let us now comment on how these lemmas apply to obtain the main results in this paper. 
The key point in the proof of Theorem 11.11 is, as we will see in Section [3l that for a step 
function a as in (12. 7p and (12. 8 p the following holds 

sup / \v{t,x)\dt . \-\y\\\ 
(2.22) sup J ~ sup — = IIQnIUp. 

voGL^R) I l^^l^^, voGL^R) \\Vo\\lHR) 



Thus the results given by Lemma [23] and Lemma [23] on the AP-norm of Qn provide results 
for the behavior of the solutions of the wave equation (11.11) . 

In the case of the Schrodinger equation (11.21) . using the same arguments as in the case 
of the wave equation, we have that 

t^/^h(t)||L^(M) ^ t'/^{e^'^'Qn{^UJ)uor\\L^m 
[z.Ao) sup - - ~ sup - - . 

«oeLi(K) II'"o||li(R) «ogl1(k) IFoIIli(R) 

Applying Young's inequality it is immediate that for all t > the following holds 

t'/^{e^'-"Qn{^io)uor\\L^iR) ^ WiQnMvorhHM) „ 
sup r. r. < sup < ||Q„|Up. 

uoGL'^iR) IFoIIli(R) voGL^iR) \\Vo\\l^(R) 
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However, we cannot say that the right hand side in (12.231) is comparable with HQnlUp- 
This is why we have only a positive result when the BV-noTm of the coefficient a is small. 
The optimality of the result in Theorem 11.21 is still an open problem. 

3. Proof of the main results 
The aim of this section is to prove the main results of this paper. 

We first concentrate on the case of the wave equation (II. ip . We will prove that the 
solution of equation (II. ip satisfies 

(3.1) sup / \v{t, x)\dt < C iVai{a),m, M]\\vQ\\ii(j^y 

Let us consider a laminar medium as in Section El The key point in our proof is that the 
above estimate is equivalent with the fact that Qn{iu}) is an L^(]R)-Fourier multiplier and 
the norm of Qn L^(]R)-multiplier can be estimated in terms of the variation of loe:(a). 
Moreover, we point out that it is sufficient to consider vq to be supported in one of the 
intervals Ik, k = 1, . . . ,n since by linearity the result extends to any function vq G L^(]R). 

We denote by / and the Fourier and the inverse Fourier transform of the function /: 

/(O = / /(x)e-*^«rfx, r{x) = ^ / /(Oe^^^rfe 
Jr Jr 

Proof of Theorem Using the spectral formula (12.131) and the representation of the re- 
solvent Ri^^ obtained in the previous section, for any x ^ Ik, the solution v of equation 
(II. ip can be writen as 

V{t,x)l{t>0} 

2a;c2fc-i(^u;)e*"(*+'"=^')+2a;c2fc(?a;)e*"(*-''^"))^ + ^ f e^*" f vo{y)e-''''"'^^-yUydu 

= {iuc2k-i{i(^)y (t + bkx) + {iuc2k{iuj)y (f - hkx) + v{t,x) 
where 

v{t,x) =^ [ e**-^(^;ol{.,_,<,<.)})(l/)e-^"'^(^-^)t/yt/u; 



Air 

J f e^^('/'>'-^\vol{.,_,<y<.)}nu)du + l [ e-(*/'"=+-)(t;ol{.<,<.,)})^(^)rf^ 
Jr Jr 

It easy to see that 
(3.2) / \v{t,x)\dt <bk\\vo\\L^R) <m''^\\vo 



\L 
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Since for t < 0, v{t, x) = v{—t, x) we have 

POO 

\v{t,x)\dt = 2 \v{t,x)\dt. 



Hence, in order to prove estimate f l3.ip . it remains to show that for any j = 1, . . . , n and 
for any x G Ij the following holds: 

(3.3) / \{iuc2j-i{ioj)y (t + bjx) + {iuc2j{iuj)Y {t - hjx)\dt < C( Var(a), m, M) ||t;o||Li(R). 
In fact we will prove a stronger estimate: for any 1 < j < n — 1 the following holds: 

(3.4) j (^{iuc2j-i{iu:)Y {x)\ + \{iujC2j{iuj)Y {x)\^dx < C(^Var(a), m, ||uo|Ui(r)- 

We also remark that since C2 = C2„,_i = 0, when j G {l,n — 1}, the two estimates (13. 3p 
and (13. 4p are the same. Estimate (13. 4p is the key not only in the proof of Theorem II. II but 
also in the one of Theorem 11.21 

Since there is a strong connexion between the c's and t's we observe that for k = 
1, . . . - 1, 

(3.5) zooh^iiiuj) = J±e-'-'^'''^^{-huj) + ^e-^-^'=+^^'=^'^,(6fc+ia;) 
and 

(3.6) iuh,2{^^) = b^(^e-'-b,.,-^^^_^^^^ ^ e-^-'"=+^^''=^'^,(6fe+ia;)). 
An immediate consequence is that 

(3.7) [ \{zuh^,{zu)nx)\dx < '^^'^J^^+^' f \vo\ < c(m) [ \vo\ 



and 

(3.8) / \{iujtk,2{iuj)y {x)\dx < \bk\\bk+i\ / \vo\ < c{m) / \vo\. 

Jr Jr Jr 

The main steps in the proof of (13.41) are the following: 

• Prove (13. 4p for j = n and supp Vq C /„. 

• Prove (13. 4p for j = n and supp Vq C Ii. 

By symmetry the same holds for j G {1,?^-} and supping C /i U /„. 

• Prove (13. 4p for j = n and supp Vq C h, 2 < k < n — 1. 

• Prove (13. 4 p for j G {k, . . . ,n} and supp Vq C Ik with 2 < k < n — 1 with k < j < n. 

By symmetry the same holds for x G Ij and supp Vo C Ik, 2 < k < n — 1 with 
l<J<k. 
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Case 1. Computing C2„ when supp f o C /„. In this case all tfc, k 
vanish. Moreover t„_i 2 = i- It follows that 



n 



C2n{i^) = (det Dniiu})) 



-1 



''rt— 1,1 
I, „iaj6„_ix„_i J. 

''n— 1,2 



ai 


Bi 























A2 


B2 























A3 


B3 


























An- 


3 -871-3 

























Bn-2 























An-1 




the above determinant 


we obtain 




det Dn- 


i{iuj) 




e 


-jwb,i_ia:„_i 




-1,1 


det Dn 


(iu) 


- + 


-K 






-1,2 



det Dn-i{iuj) 
det -D,, fiaj) 



1 1 



tn-1 



det Dn-iiioj) 



+ e 



1 1 



' det-D„(zci;) 
^ det Z)n_i(^a;)) 
" "^'^ det-D„(za;) 



tn-l,l( 



det DnUuj) 



det Dn(iuj) 



det Dn{ioj) 
det DJiuj) 



where the last identity involving det det -D„_i and det -D„_i has been proved in [H 
p. 871]. 

From (13.51) we have that 



and then we obtain the exact formula of C2n(^w) in terms of Qn{ioj): 

h 



/ N i>n ni,,h ^ det DJiuj) 
3.9 zu:c2nM = -f e-^-""-"-^ " . 

/ detiJ„(za;) 



" -2iujbnX„ 

2 



This identity is the key point in proving not only Theorem 11.11 but also Theorem 11.31 
It follows that 

f b 
(3.10) / \{iujC2n{iuj))'^{x)\dx < ^\\Qn{iuj)\\Ap\\vo\\L\R) 

and in view of Lemma 12.31 we have 

n 

(ia;c2n(^cj))^(a;)Mx < C {m, m, tan ( arctanh|(i„|) j . 

fc=i 

Thus by fl2.20p and fl2.2ip the proof of the theorem in this case is finished. 
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Case 2. Computing when suppfo C Ii. Here all the terms t^, k = 2, 
vanish and ti 2 = — &2^i i- Hence 



n — 1 



C2n{i(^) = {det Dn{iuj)) 



-1 



ai 


Bi 

















tl 





A2 


B2 























A; 




























An^Z 


Bn^3 























An-2 


Bn~2 























An-1 






Developing the above determinant over blocks of two lines we obtain that 



C2n{iUj) 



det A2 det A„„i 



det Dn{iu) 
Using estimate (13. 7p on ti^i we get 



^1,1 



det^i det An-i j^, 

— — — — — e tiA{iu} 

det Dn[zu) 



(3.11) 



|(ic<;c2„(ic<;))^(x)|(ix < 



det Ai det An-i 



det DJioo) 



AP 



Since the proof of estimate (13. 4p is the same as in Case 3 below (choose k = 1 m. (I3.12p ) 
we will skip it here. 

Case 3. Computing C2n when suppwo C /fc, 2 < /c < n — 1. Here tk-1^2 = bk-itk-i,i, 
tfc 2 = —bk+itk,i, all the other terms in vector T vanishing. Let us now compute C2n- It is 
given by 



C2n(iw)(det Dn{iuj)) 



ai Bi 
A2 B2 
A3 










^3 

Ak-i 




ai Bi 

A2 ^2 

A3 53 




































Bk~i 
Ak 






















Bh 



A 



B, 

A, 



n-2 



n-2 



n-1 







tk-l 
tk 






ai Bi 

A2 ^2 

A3 B3 































— Ak-i Bk-i 
Ak 



Bk 







tk-i 

























An-2 





Bn-2 
An-1 




























An-2 Bn-2 
An-l 
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Developing the determinants over blocks of two lines we find that 



C2n(«w)(det Dn{iuj)) = det Ak det v4„_i 



+ det Ak+i det An-i 



ai 


Bi 























A2 


B2 

















(J 


U 


A 

A3 


^3 


u 


u 


(J 


U 














Ak^3 


Bk~3 























Ak^2 


Bk~2 























Ak^i 


tk-l 


ai 


Bi 























A2 


B2 























A3 


^3 


























Ak- 


-2 Bk- 


2 




















Ak- 


1 Bk^ 


1 




















Ak 


tk 



Since the components of t^-i satisfy tfc_i,2 = ^fe-i^fe-i,! we can use the same argument as 
in Case 1 and we obtain that the first determinant equals 



-4-i,ie 



^ det Dkiioj). 



The second one could be computed in a similar way by expanding the determinant over 
the last two lines and using that tk^2 = —bk+itk,i 



ai 


Bi 























A2 


B2 























A3 


B3 


























Ak-2 


Bk-2 























Ak^i 


Bk~i 























Ak 


tk 



tk, 



bk+ie'^""''^ -bk+itk,i 

= 26fc+itfc,idetDfc(2a;)e'"''^"'= = 
This gives us that 

det Afc det A„_i 



det DAiuj) + 



-bk+ie-''^^^''^ - 
det(Afc)4,idetDfc(2a;)e'"'"="^ 



tk,i 

^k+ltk,l 



det Duiiuj) 



C2n[iUJ 



det Dn{iuj) 

det Ak det An-i det Dkiioj 

det Dndu) 



(tk-i,ie'-"^''''"'~' det Dkiioo) + tk,ie''^''''"' det Dk{iuj) 



tk-iAe 



^iuibf^xi^ 
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Applying estimate (13. 7p for i and we obtain that 
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(3.12) 



\{iuc2n{iuj)y {t)\dt 



<C{m){\\Qk\ 



AP 



det det v4„_i det Dk{iuj) 



d,etDn{iuj) AP' 

Using now formula fl2.12p that gives us the explicit expression of det Dn and det we find 
that 

n-l 



(3.13) 



det Ak det An-i det Dk{ioj) 

det DJiu) 



W b,+b,+iil-d,Qjituj)) 



-iLu{bj—bj^i)xj 



Observe now that 



'1 - 



_l\n-kY\_ 

' f}^{l-d,Q,M) 



+ djQj+i(za;)e2^'^*J+i(^^+i-^^)), j = 1. . . . ,n - 2, 



;i - djQjiiu)) 



^(l + d,Q,+i(za;)e-2-*^+i-.) 



It gives us that for any 1 < j < ri — 1 we have 

1 



;i - d,) 



[1 - djQjiiu)) 



< 



dj\\\Qj+i\\AP ^ e^{\dj\\\Qj+i\\Ap 



j = n-l. 
) 



AP 



1 + d, 



1 + d, 



and then 
(3.14) 



n-l 



nyi 



:i-d, 



j=k 



{l-djQj{iu)) 



AP 



n—1 n—1 ^ 

j=k j=k 



di 



< exp (c{m,M)VaY{a) _max ||Qj|Up)- J]^ TTTT 

j=k ■> 

71—1 ^ 

< exp ('c(m, M)Var(a) tan(Var(log(a))/4)]. JJ — . 



The last term also satisfies 

n—1 n—1 



j=k 



j=k 



2b,; 



n-l 

n(^ 

j=k 



\bj+i-bj 
2h, 



< exp C(m,M)Var(a) 



Putting now toghether estimates (13.121) . (13.131) . (I3.14p and (13.150 we obtain that estimate 
(13. 4 p also holds in the case considered here. 

Case 4. Prove (13. 4p when suppfo C J^, 2 < /c < n — 1 and k < j < n — 1. The 
previous cases prove (13. 4p for j = n. Let us now prove that it holds for any k < j < n — 1. 
We point out that once estimate (13. 4p will be proved then it also holds for 1 < j < A; — 1. 
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We now use that 
(3.16) j;^^-^ ^ + b„,„iC2„ = Q 

and for j < n — 2, 

From identity fl3.16p and the results of Case 3, we obtain that (13. 4p holds for j = n — 1: 

V/M,|/- / ■ \\V / \\\ 7 ^ r^i \/- /-NnV 



\{iuc2n-2ii(^)) {x)\ + \{iujC2n~3{i(^)) {x)\ j dx < C {m, M) I \{iuc2n{i(^)) ix)\dx 

< C(m,M, Var(a)) / \vo\. 

Jr 

Applying identity (13. 171) we obtain 

C2,-l \_ ^ 1 R . ( C2,+l 



It implies that for j < n — 2 we have 

\{iuJC2j-i{iuj))'^{t) \ + |(za;c2j(za;))^(t)|(it 

— bj\ + bj + bj^i f \\V/,\| I I/- /■ \\V/ 



<^i^^i--^^ / |(^cuc2,+i(^a;))^(t)| + |(.a;c2,+2(^c^))^(t)|rft 



< l + ^ / |(zu;c2,-+iM)^(t)| + |(za;c2,+2M)"(t)Mt. 



Using the same argument as in (13.151) we obtain that for any k < j < n — 1 

(3.18) / |(iu;c2j_i(ia;))''(t)| + |(iu;c2j(ia;))''(t)|c/t < C(m,M,Var(a)) / \vo\. 

Jr Jr 

The proof of Theorem 11.11 is now complete. □ 

Proof of Theorem \1.3\ . In this section we describe the manner in which the coefficient a 
satisfying the conditions in Theorem 11.31 can be constructed. Without restricting the 
generality, we will construct a coefficient a with 1/2 < a < 2. 

Let fix d = (log2)/2. Since a > 7r/2, by Lemma 12.41 for any > there exists a 
sequence {dk}^zl such that 

n-l 

arctanhddfcl) = a, arctanh|(ifc| < d, VA; = l,...,n — 1, 

k=l 
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and for any sequence of rationally independent numbers {ck}l^i and any Ek G {±1}, 
k = — 1, the sequence {Qk}k=i associated to {cfc}^z| and {£kdk}kZi satisfies 

\\Qn{^co)\\AP>2N. 

Let us set dk = Skdk = £k\dk\ where Sk G {±1} will be chosen later. We now choose a 
sequence {bk}^=i such that 

, I , I h — h+i ^ n ; 1 1 
dk = £k\dk\ = -r — < 0, fc = l,...,n- 1. 

This is possible since we can define recursively 

— = exp(2arctanh((ifc)), /c = 1, . . . , n — 1, bi = 1. 

bk+i 

Let a be the piecewise constant function defined by 

(^i^) = K'^^ xe{xk-i,Xk), k = l,...,n, 
where xq = — oo, x„ = oo and the points {xk}^zl are chosen such that the numbers 

bk{xk-Xk^i), k = 2,...,n-l 
are linearly independent over Q. Using (12.201) we get that 

n-l 



Var(log(a)) = 4 arctanh(|(ifc|) = 4q;. 



fc=i 



We now show how to choose the sequence {efc}^^} such that a E [1/2, 2]. Observe that for 
X G {xk-i,Xk), the coefficient a is given by 



= exp (2 arctanh((ifc)) = exp (2 £fcarctanh(|(jfc|)) • 



fe-l k-l 

a(x] '""^ 

i=i i=i 
Since arctanh(|(ifc|) < d = (log2)/2 we always can choose Ek G {±} such that 

k-l 

Ej ar ct anh ( I dj \ ) 



<i^, V A; = 2,...,n-1. 



Indeed, for k = 2 choose Ei = 1. Assume that the above inequality is true for some k. If 
ejarctanh(|(ij|) belongs to (0,log(2)/2) then choose Ek = —1, otherwise Ek = 1. It 
follows that the above inequality will also hold for k + 1. With this choice of {Ek}2zl we 
obtain that coefficient a satisfies a G (1/2, 2). 

Denoting m = 1/2, in view of estimate (I3.2p we have 



sup / \v{t,x)\dt / 



> — ^ m > — 7 — — m . 

IK'oIIli(ir) 
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Choosing now a sequence Vok such that 

||(Q„(iw)t?ofc)^)||Li(M) 



-> \\Qn\ 



AP 



IkofcllLi(R) 

we get for any large enough that 

sup / \v{t,x)\dt 
sup >\\Qn\\AP-m-'>2N-A>N. 



For the function a chosen above we obtain that the left hand side of the above inequality 
can be arbitrarily large. The proof if now finished. □ 

Proof of Theorem M.^ We use formula (12.91) for the resolvent to find that for x G {xk-i-, Xk) 
solution u of system (11.21) is given by 

u(t,x)=— [ e^''''"ujC2k-i{tuj)e''''"'''dcu + — [ e~''^' uc2k{iuj)e~'''^^''duj 

ITT Jw iTT Its 



b 

It follows that 



k 



C f c 

\u{t,x)\ < ^ / (|(iwc2fc-i(«w))^(x)| + |(zwc2fc(^a;))^(x)|)(ix + ^||uo||li(m). 

Using now estimate (13. 4 p that has already been proved in the proof of Theorem 11.11 we 
obtain the desired estimate and the proof is finished. □ 

4. Proof of the two technical lemmas 

In this section we prove Lemma fT^ and Lemma [23] using a fine analysis of the sequence 
{Qn}n>i defined by (12.161) by means of multi-variable series. 

4.1. The functions a{q), I3{d), -f{t), E{di, . . . ,dn;qi, . . .,qn-i) and R{ti, . . . gi, . . . ,g„_i' 
We introduce the notations that will be used in this section. We denote by a{q) and (3 {a) 
the mappings: 

a{q) : qz, (3{a) : z ^ ■ 

1 + az 

Note that q i— )■ a{q) is a multiplicative mapping, i.e. a{q)a{q') = a{qq'), and /3 satisfies 

/3(a)/3(a') = + 



1 + aa' 



From the formula 

tanh X + tanh y 

tanh(a; + y) 



1 + tanh X tanh y 
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we deduce that mapping t 7(t) := /3(tanht) has the property 

7(a)7(6) = 7(a + 6), a,beR. 

If d = {di, . . . , dn), with < di < 1 and q = (gi, . . . , qn-i) is a multivariable then we 
define the multivariable series 

Eid; q) := «(g„_i) ■ ■ ■ (0). 

With the convention that for j = (ji, . . . , j„_i) we write q^ := ■ ■ ■ q'nSi ■ We introduce 
the norm 1 1 ■ 1 1 of a multivariable series by 

It is easy to see that for any two series ||a6|| < ||a||||6||. 

Lemma 4.1. Let he {Qk}k>i defined by (12.161) . Then for any n > 1 

(4.19) IIQn+ilUp < ||^((Mi|, . . . , \dn\); (gi, . . . , gn-i))|| 

with equality when Ci, . . . , c„_i are linearly independent over Q. 
Proof. We write dk = £k\dk\ with Sk = ±1. The sequence {Qk}k>i can be written as 
n(^,,\ . M-^ -£k-iQk^i{i^) + 14-1 1 

Qk[lUj) = -Sk-ie ^- r: r-r r— 

1 - £fc_i|4-l|Qfc-l(«C^) 

= (a(-£fc_ie*"^'=-0 (5{\dk-i\) a{-ek-i)) {Qk-i{ioj)). k > 2. 

It follows that 



Qn+iM = (^a(-£„e''^'^") mn\) a(£„_i£„e^'^^"-i) /3(|4_i|) ■ ■ ■ a{e,e2e''''^') f3{\d,\)J (0). 

With the above notations it follows that 

Qn+iM = -£„e^'^^" E{\d,\, . . . , |c?„|;£i£2e^"^\ . . . , £„_i£„e^"^"-). 
Since I — £„| = 1 and l^fc^fc+il = 1 for 1 < A; < n — 1 we have 

IIQn+ilUp < \\E{\di\,...,\dn\;qu...,qn-i)\\, 
with equality when ci, . . . , c„_i are linearly independent over Q. □ 

In the following we will estimate in an clever way the norm of E{{\di\, . . . ,\dn\)', {qi, ■ ■ ■ , qn- ] 
For any t = {ti, . . . ,tn) we define the series R{t; q) in the multivariable q = (gi, . . . , qn-i) 
by 

(4.20) R{t; q) = (7(t„,) «(g„„i) 7(t„_i) ■ ■ ■ a{qMt{)) (0) 

= i?((tanh(ti), . . . , tanh(t„)); g). 

When there is no risk of confusion we will write only R{t). 

Using that the map t tanh(t) is one to one from [0, oo) to [0, 1) we will estimate 
the norm of -R((ti, . . . ,t„); (gi, . . . ,g„,_i)) by taking the advantage of the multiplicative 
property of function 7. 
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4.2. Estimates on partitions. For any positive number x we consider the set of all 
partitions of x: 



|t = I tj > 0, =x|. 



i=i 

If t = (ti, . . . G Ar^ the sequence of the partial sums Xk = Yl'j=i'^jy ^ = 1, . . . ,n is 
a partition of the interval [0,x], i.e. we have = Xq < Xi < . . . < x„ = x. We get a 
one-to-one correspondence between and the partitions of [0,x]. 

If t = (ti, . . . , t„) and s = (si, . . . , s^) are two elements in A^ we say that s is finer than 
t and we write t -< s if the sequence of partial sums of s contains the sequence of partial 
sums of t, i.e. there is a sequence 1 < ki < . . . < kn = rn such that 

I h 
^^j = ^^v Vl</<n. 
i=i i=i 

It follows that (Aj., -<) is a directed set. 

Lemma 4.2. Let be < dj < 1, 1 < j < n and P = U^ii'^ + dj)^ P = U^ii'^ - dj)- 
Then the map 

f3{dn)a{qn-i) ■ ■ ■ (3{di)a{qo) 

is given by the map z t— )■ (a2;+6) / (cz+ci), where a, b,c,d ^ ^[qo, ■ ■ ■ , Qn-i] have non-negative 
coefficients, 

\\a\\ = \\c\\ = l{P + p),\\b\\ = \\d\\ = l{P-p), 

the coefficient of the first order powers qo . . . qn-i polynomial a and the one of zero order 
term in polynomial d is 1. 



Proof. Note that 



dii ■ ■ ■ C^ij. . 



k even l<ii<...<ife<n 

and 

\ip-p) = E E 

k odd l<ji<...<jfe<n 

Let M{qo, . . . , g„_i) be the matrix 

S)Kit)(v ?)■■■(* t)(o?)- 

Thus the map (3{dn)a{qn-i) ■ ■ ■ /3{di)a{qo) is given by 

az + b 
z ^ -. 

cz + d 

Since dj, j > 1 are nonnegative, a,b,c,d G -R[go, • • • , Q'n-i] are polynomials with non- 
negative coefficients. Therefore ||a|| = a(l, . . . , 1) and similarly for b, c, d. 
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Denoting 

^=(1 o)'^°=(o i)'^i = (o 0) 

we have that 

(4.21) M(go, . . . , qn-i) = (/ + dnA){Bo + ■■■(/ + diA){Bo + qoB{). 

Since Bq + Bi = I and = I, it follows that 

n 

M(l, . . . , 1) = (/ + dnA) ■■■(/ + rfiA) = ^ Yl ■ ■ ■ C?..^' 

A;=0 l<ji<...<jfc<ra 

\fc even l<n<...<ifc<n / \fc odd l<ii<...<ifc<n / 



^{P + p)I + -{P-p)A 



It implies that 



and 



a{l,...,l)=c{l,...,l) = hp + p) 



bil,...,l) = dil,...,l) = l{P-p). 



Then the first part of Lemma 14.21 is proved. 

Let us now compute the coefficient of the first order powers qo ■ ■ ■ qn-i in polynomial a 
and the one of zero order term in polynomial d. In view of (14.211) we have 

M(go, . . . , gn-i) = ^0" ■ ■ ■ qn-iMk„...,k„_,, 

(fc0,.-,fcn-l)6{0,l}" 

where 

Mk,,...,k^_, = (/ + dnA)Bk,^^, ■■■(/ + diA)Bk,. 

To determine the coefficient of go ■ ■ ■ qn-i and the free term of d one has to calculate 
and Mo,...,o, respectively. 

Note that B^ = Bq, Bf = Bi and BqABq = BiABi = so Bo{I + djA)Bo = Bq and 
Bi{I + djA)Bi = Bi. Hence 

Mo....,o = (/ + d^A)Bo ■■■(/ + diA)Bo = (/ + dnA)Bo = (^^ "^^^ 
so the constant term of d is one. Also 
Ml 

so the coefficient of gi ■ ■ ■ qn-i in a is one. □ 



(/ + dr,A)B^ ■■■(/ + d^A)B^ = (/ + dr,A)B, = 
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Corollary 4.1. Let {ti, . . . ,tn) € A^. The map 

l{tn)a{qn-i) ■ ■ ■l{ti)a{qo) 

is given by z ^ [az + h)/{cz + d), where a,b,c,d G ]R[go, • • • , Q'n-i] have non-negative 
coefficients, 

||a|| = < coshx, ||fe|| = ||c|| < sinhx, 
the coefficient of qq - ■ ■ Qn^i in a and the constant term of d is 1. 

Proof. Since 7(t) = /3(tanht) we can use Lemma 14^2] with dj = tanhtj. Using the notations 
of Lemma 14.21 we must prove that 

P -\- p P — p 

(4.22) — - — < cosh a; and — - — < sinhx. 

Since 

1 + dj = 1 + tanht,- = — , 1 — d,- = 1 — tanht,- = ; — 

coshtj coshtj 

we get 

P = e"" cosh tj^ , p = e""" cosh tj 

Thus fl4.22p immediately follows. □ 

Lemma 4.3. For any two partitions s,t G with t -< s the following holds for any 
positive integer r 

\\Rm\<\\R{sY\\. 

Proof. Let t = (ti, . . . , t„) -< s = (si, . . . , Sm) be two elements in A^. In order to prove this 
result we relate the two series R{t) and R{s). Observe that R{t) and R{s) depend on n — 1 
and m — 1 variables respectively, m > n. Since t -< s there are = ko < ki < ■ ■ ■ < kn = m 
such that 

ti = Sj, VI < / < n. 

Using that 7(0 + b) = '~f{a)'~f{b) it follows that 

7(i/)= n ^(^i)- 

j=ki_i+l 

Since = 1 we also have 

l{ti) = 7(sfc,_i+i)«(l)7(sfc,_i+2)«(l) ■ ■ ■«(l)7(sfcj. 
Replacing 7(t/) by the above formula in the definition of R{t), fl4.20p . one gets 
R{t; (gi, . . . , = (7(tn)«(gn-i)7(^n-i) ■ ■ ■ «(gi)7(ti)) (0) 

= R{s; (1, . . . , 1, gi, 1, . . . , 1, ga, • • • , Qn-u 1 • • • , 1)), 
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where the blocks of one above have lengths A;„ — A;„_i — 1, . . . , k2 — ki — 1, ki — ko — 1 . 
Thus ||-R(t)|| < For r > 2 the argument is similar since 

R{t; (gi, . . . , qn-i)Y = R{s; (1, . . . , 1, gi, . . . , 1 . . . , 1))^ 

The proof is finished. □ 

4.3. Upper bounds for R{t). We now obtain some properties of the multivariable series 
R(t) introduced above. For any integer r > we define the function fr : (0, oo) — )■ (0, oo] 

by 

fr{x) = sup \\R{ty\\. 

In particular, /q = 1. We note that /r^+rala;) < fri{x)fr2{x). In particular for any integer 
r > 1, fr{x) < fiixy. 

The first estimate for /i is given in the following lemma. 

Lemma 4.4. For any x E (0,log(2 + y/S)) the following holds 

sinh(x) 



(4.23) < 



2 — cosh(x) 



Proof. Let us choose t = {ti, . . . ,tn) G and denote q = (gi, . . . , Qn-i)- We will show 
that 

,, ,,, sinh(x) 

By definition 

From Corollary 14. II it follows that 

(7(t„)a(g„_i)7(t„_i) ■ ■ ■ a(gi)7(ti)a(go)) [z) = r — — -. 

c(go, • • • , qn-i)z + d(go, • • • , qn~i) 

Hence choosing go = 1 and 2 = we get 

h{l,q) 



R{t;q) 



d{l,qy 



Using Corollary 14.11 we have that 

\\b\\ < sinh(x) and ||(i(l,g) — 1|| = \\d\\ — 1 < cosh(a;) — 1. 
Then, for any x satisfying cosh(x) < 2 the following holds 



1 - II 1 - d{l,q)\\ - 2 - cosh(x)' 

Since the partition t G has been arbitrarily chosen we obtain that estimate f l4.23p holds 
for all X < arccosh(2) = log(2 + a/3). □ 

Lemma 4.5. For any positive integer r, function fr is increasing. 
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Proof. Let us observe that for any d G [0, 1) we have (5{d)a{—l)f3{d)a{—l) = 1. Thus, for 
any nonnegative t, •yit) satisfies 7(t)a(— l)7(t)a(— 1) = 1. 

Let us now choose < x < y, where y = x + z with z > 0. Let t = (ti, . . . ,tn) G A^. 
Then s := {h, . . . , t„, z/2, z/2) e Aj^. Since y{z/2)a{-l)y{z/2)a{-l) = 1 we have: 

R{t; (gi, . . . , = (^7(|)a(-l)7(|)a(-l)7(t„)a(g„_i) ■ ■ ■ a(gi)7(gi)) (0) 

= i?(s;(gi,...,g„_i,-l,-l)) 

Hence for any integer r > 1, 

gi, . . . , Qn-iY = Ris; gi, • • • , gn-i, -1, 

which imphes that ||i?(t)'^'|| < | |. This imphes that for any t E there is some 
s E Ay with ||_R(t)''|| < ||i?(s)^H. Therefore fr is an increasing function and the proof 
finishes. □ 

We denote / = {x G (0, oo) | fi{x) < oo}. In view of Lemma [4.41 and Lemma [4.5[ the 
set I is an interval that includes (0,log(2 + a/3)). Moreover, all the functions fr, r > 1, 
are finite on interval / since fr{x) < fi{x). Now we prove that fr are different iable. 

Lemma 4.6. The set I is an open interval. For any integer r > 1, function f^ is differ- 
entiate on I and satisfies f'^. = r{fr-i + fr+i)- 

Proof. Let e and x be positive numbers. For any partition s G A^+e there is a finer 
partition, s, of the form s = {t, t') G A^, x A^, (because for any partition of [0, x + e] there 
is a finer one containing x). Then 

\\R{s)\\<\\R{s)\\<h{^ + e) 

and so 

fi{x + e)= sup \\RM\\. 

Let us consider (t,t') G A^, x A^, t = (ti,...,t„), t' = . . . , t^)- Denoting q = 

(gi, . . . , g„_i) and g' = (g„, . . . , q^rn-i) we obtain that 

R{{t, t'); (g, g )) = (7(tm)a(gm-i) ■ ■ ■ 7(Wi)«(9n)) {R{t; g)). 

Since t E A^ hj Corollary 14.11 we have that 

7(t„)a(g„_i) ■ ■ ■7(Wi)"(?n.) 

is given by 2; H- ^f^, where a,b,c,d G ]R[g„, . . . , g^-i] have non-negative coefficients, 
||a|| = \\d\\ < coshe, = ||c|| < sinhe, the coefficient of qn-'-Qm-i in a and the 
constant term of d are 1. Then | |a| | = 1 + | |a — g„, ■ ■ -gm-iH and | | = 1 + | |(i — 1| | so 

||a — gn ■ ■ ■ gm-i|| = Ikll ~ 1 = IMII ~ 1 = IM ~ 1|| < coshe — 1. 

Then 

aR{t) + b 



cR{t) +d 1 + {cR{t) + d-l)' 
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Since t E we have ||-R(t)|| < < oo. It follows that 

aR{t) + b = qn--- qm-iR{t) + (a - g„ ■ ■ ■ q^_i)R{t) + 6 = g„ ■ ■ ■ q^_iR{t) + b + O(e^) 
and 

cR{t) +d=l + cR{t) + {d-l) = l + cR{t) + 0{e^). 
Then for e < Eq, Eq small enough depending on the following holds 

R{{t, t')) = (gn ■ ■ ■ qm~lR{t) + b + 0{e^)) (1 - cR{t) + 0{e^)) 
= g„ ■ ■ ■ qm-iR(t) + b- qn--- qm~icR{tf + 0(£:^). 
Since b — qn - ■ ■ qm-icR{t) = 0{e) this implies that for any r > 1 we have 
R{{t, t')Y = (g„ ■ ■ ■ qm-iYR{tY + r{qn ■ ■ ■ q^^iY^' R{tY~\b - g„ ■ ■ ■ q^.icR{tY) + 0{e') 

= {qn--- qm-iYRity + r{qn ■ ■ ■ qm-iY^\bR{tY"' - g„ ■ ■ ■ qm-icR{tY^') + 0{e^). 
Using that sinhe = e + 0{e'^) it follows that 

\m,t'Y\\ < \\Rm\+r\mY-'\\ ■ mi + rmtY^^w ■ m + o{e') 

< fr{x) + rfr-i{x) sinhe + r/r+i(x) sinhe + 0{e'^) 

= fr{x) + r(/,_i(x) + fr+lix))E + 0{e'). 

Thus, for E small enough we have 

(4.24) fr{x + e)< fr{x) + r(/,„i(x) + fr+i{x))E + ©(e^). 

This implies that / is an open interval. 

For the reverse inequality we will take m = n + 1 so t' has dimension one, t' = (e), 
and q' = qn- Then G so fr{x + e) > \\R{t,EY\\- We have R{{t, e); {q, qn)) = 

7(e)a(g„)(i?(t,g)), i.e. 

_ qnRjt) +tanhg 
' ~ g„tanh5i?(t) + 1' 
The same argument as above shows that 

R{t, eY = q^RitY + rEql-\R{tY-' - qlR{t)^^') + 0{e'). 

Since Rit)'-\ R{tY, R{tY'+^ E R[[qo, . . . , g„_i]] it follows that 

UnRitY + rE{q:-'R{t)^"' - q:-''R{t)^^')\ \ = \\Rm\ + re\\R{t)-' \ \ + rE\\R{t)^^' \ \ . 

Hence for any t E and e small enough 

fr{x + E) > \\R{t,E)^\\ > \\Rm\+rEmt)^-'\\ + \\R{t)^^'\\)+0{E') 

and then 

(4.25) fr{x + e)> fr{x) + Er{fr^r{x) + /,+i(x)) + 0{e^). 
Using fl4.24p and 04.251) we obtain that satisfies 

fr{x + e) = fr{x) + Er{fr-l{x) + Ul{x)) + 0{e'). 
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Thus function fr is right differentiable and satisfies 

lim fri^ + ^)-fri^) = rUr^^^x) + U,{x)) . 
e\0 £ 

Moreover, since fk{x — e) < fk{x) < fi{x), k G {r — l,r + 1}, by applying the same 
argument as in the proof of (14.241) and fl4.25p to x' = x — s we obtain that 

fr{x) = frix -e)+ erifr.lix -e) + fr+i{x - e)) + 0{e^) = fr{x -e) + 0{e) 

which proves that is also left continuous. 

For the left derivative of at x we apply the previous analysis to the point x' = x — e 

f^^'^^-fj^'^-'^ = r{f,._,{x -e) + Ui{x - e)) + 0(e). 

Since fr-i, fr+i are continuous we obtain 

lim^^^^^^A^^ = r(/._i(x) + U^{x)). 

The proof of Lemma 14.61 is now finished. □ 
Theorem 4.1. We have I = (0,7r/2) and for any r > 1 function fr is given by 

fr{x) = tan''x, X E I. 

Proof. We first show that [0, 7r/2) C / and for any r > 1 the following holds 
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fr{x)<tajfx, VxG(0,-). 

For any x G / we have f[{x) = fo{x) + f2{x) < 1 + fi{xY. Lemma |4^ gives us that 
lim^_j,o fi{x) = and then by integrating the last inequality we obtain that arctan/i(a;) < 
X. Thus < tanx. For r > 2 similar estimates hold since fr{x) < {fi{x)Y. 

Let S = {{x,y) G (0,7r/2) x M | |?/tanx| < 1}. Using the properties of functions fr 
above we get that function g defined by 

9{x, y) = fi{x) + f2{,x)y + fz{x)y'^ H 

is well defined and differentiable on S. Explicit computations show that g satisfies the 
following first order equation 

(y^ + y) - 9xix, y) = -2yg{x, y)-l, V (x, y) G S. 

In order to solve it we need some boundary conditions. Observe that since fr{x) < tan''x 
for all r > 1, function g satisfies lim^^Q g{x,y) = for all y G M. Solving the above 
equation by the method of characteristics we obtain that 

, , tan X 

9{x,y) = ; . 

1 — y tan x 

Developing in y power series we get that frix) = tan''x, as claimed. In particular, 
/i(x) = tanx. Since /i is increasing we also obtain that / = (0,7r/2) and the proof is 
finished. □ 
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4.4. Proofs of the two Lemmas. We are now able to prove Lemma [273] and Lemma [2]H 
Proof of Lemma \2.3[ By definition of E and Tlieorem 14.11 we liave tliat 

IIQn+ilUp = ||^((Mi|, • • • , \dn\))\\ = ||i?((arctanli|di|, . . . , arctanli|d„|))|| 

n n 

< /i ^ arctanli|(ifc|^ = tan ^ arctanh|(ifc|^ . 

k=l k=l 

Tlien estimate fl2.17p follows. □ 



Proof of Lemma 2.4' Let us choose a > 7r/2. By Theorem 14.11 fi{n/2) = oo. This means 
that for any positive > there exists a partition t = (ti, . . . , G such that 

> N. Choosing eventually finer partitions we can assume that < arctanh((i), 
k = 1, . . . ,n — 1. 

Choosing dk = tanh(tfc), A; = 1, . . . , n — 1, we have < dt < d, 

\md^,...,dr^-lm = \\R{t)\\>N. 

We finally choose the {cfc}^z| such that they are linearly independent over rationals. Using 
Lemma |4?T] it implies that {Qk}k=i defined by (12.161) satisfies 

\\Qn\\AP=\\E{{\d,\,...,\dn-l\m = \\E{{di,...,dn-im>N 

and the proof is finished. □ 
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